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Lecture 25

Eagles ( uutiuned) .
(d) The translation action 01712 is ergodic w.tt. the

Lebesgue measure
,
hence the orbit eg . ref ,

'

known

as the Vitali ey.net , devoted Er , is uousuoolh
.

Note tht smeothwn is closed itowuwcrd under Borel redactions
,

i. e. if F is a smooth eq . rel. I EEBF , then É too is

smooth
.
Thus

, if , say ,
Eo c-

☐ E then E is uouswooth
.

II. - dichotomy (Harrington - keuhris - Laveau) . For
ay
Bail eg.net E.

either E is smooth

or *
o EBE .

This generalized earlier theorems 1in functional analysis) af
Glinnm at Effros

,
so people still refer to this as the Colina-

Effros dichotomy .

Corollary . If a Bout eg.net - E has a measurable reduction he



the identity , then it has a Boel reduction li.e.is smooth)
.

Proof . We prove the intrapositive : if E is no -sneak
,
then EoEgE

hence E cannot have a measurable reelection to

the identity here E. doesn't have it
.

IN - characterization of smoothness
.

A CBER E on
a st

. Beret ✗

is smooth <⇒ 7 Borel ✗=Ñ ✗ns.t
.

each Xn meets every
E-clan

4=0

at most once I i. e. is a partial transversal of E) mad for each

E- dam C
,
hut IN : cnxu -1-0} is an initial segued at 1N,

i.e. an interval [0,711N or IN
.

✗
÷

• •

* ✗ XX ! . .

✗
, • • • • so

✗
☐

⑨ Be • • • •

- c
-

Proof
. ⇒

.

Fix a Borel transversal ✗
o fer E

.
Fix Borel involutions

(2) of ✗ s.tn
.
E-- Y grapkthf . Suppose Xo

,
Xu

are defined
,
and define

✗ uti := / Tix : ✗ C- Xo and k is the least sit.

Nix -4kV ✗ iv.
.

.VXn} .



Corollary . A pup
CBER E is smooth a.e. <⇒ E is finite a. e.

lie
.

eah E- clan is finite after throwing out a null at) .
Proof. G- . This holds without

pup
at we did this last time .

⇒
.
let Y := { ✗ c- ✗ : 4) ⇐ is infinite } . We call Y the

a

aperiodic part of E. let 4--4 Xu be as in the
4=0

previous characterization
. Then each Xu is atransversalI 7 Borel bijection Yu : Xo→ Xu with

thx Ex V-
✗ c- Ko

.
Thus
,

Xu has equal measure
to Xo I since I infinitely -

way disjoint Xa,
Xo must be null

.
This implies tht Y is well .

( think of 2^112 by translation I X. := 10,D.)

let's learn how he cowpat cost of graphing easier
.

locally ctbl without loops Ed
henna . let E be a

✓
Borel directed graph on a st. prob .

space Hat) I suppose that E is pup lie . the

connectedwn relation
, ignoring directions , is pnp) .

fontdega.li/dMx1--findego.lxldMx) .
✗ ✗

Note
. This is true for finite graphs , replacing I uik ¥ .

✗



Proof
.

let th) be Buel involutions sit
.
E- Ygrghtk )

nut graph truth graph IN c- Idx . Then outdeyaslx)=
-2 Iaslx, Kx) , hence
n C- IN

/ outdegoilx)dMH=)¥µIelx,ñx)dMd
liabini] =¥µ / 1- a- lxikxdrlx)

✗ ↳ Thx

lckaye d- variable = -2 / HE think .ru -x)dMx)
bear of pnp )

" c- IN

Ifahini] =/ ¥µ Ie thx,
e) dmx)

=/ indeg, /
HIM .

Prop . For
any locally dbl pnp Boel graph G

Costa (a) = fiudegglxlddkt-fatdeq.GG,
i ✗ ✗

If degakdddlx) for
any Borel directing E. off.



A directing of h is
any graph I sit , thx, g)Eh,

exactly one of lay) , ly ,x) is in CT
.

Ecg . suppose ✗
= IR with its natural linear order

,

uh for euh pair ×,y ,
pick the increasing

edge (70,2-1) Zo < 2-
,
, {2-0,2-1}=945 } .

Proof
. tfdeyalxlddkd-tffndeyukltotdegi.tl)dMxl

✗
= t.fjindegu-kddikl-foatdega.HN
= ¥-21 fialgilxldctlxl .

and pnp
Theorem ( Levitt) . If E is smooth! then any treeing d- É

achieves the cost
,
which is equal to

1- NYI
,
there is any Boel transversal .

In particular , if each E- Clan has u elements
,

then nestle ) - I - tu .
Proof

.

let h be any graphing of E I let Y be any
transversal

. Using a Feldman-Moore edge coloring ,



I!¥É¥÷i•¥¥¥Hr y

we can talk about lexicographically least shortest
paths between point in a Boel fashion

.

For eah
✗ EX

, pick the first edge in the lex - least path
from ✗ to the unique y C- YA 1×1 E.
This given a twig HEG of E

.
Hence Gstrltl)±6sHH.

Thus it is enough to prove tht lostlaytuecy)=tM% .

let H→ be a directing of H by directing the edges
toward Y. This make oatdey 1×1=1 for each ✗ C-XIY

,

I owtdey G) =D V-yEY. Then

lost
,
4-D= loathe 6)dhe)

✗

=) 1- dMH= 91×141--1-9141.
✗IT


